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Abstract
We show there exist smooth asymptotically anti-de Sitter initial data which
evolve to a big crunch singularity in a low energy supergravity limit of string
theory. This opens up the possibility of using the dual conformal field theory
to obtain a fully quantum description of the cosmological singularity. A pre-
liminary study of this dual theory suggests that the big crunch is an endpoint
of evolution even in the full string theory. We also show that any theory with
scalar solitons must have negative energy solutions. The results presented here
clarify our earlier work on cosmic censorship violation in N = 8 supergravity.
1Hertog@vulcan.physics.ucsb.edu
2gary@physics.ucsb.edu
1 Introduction
One of the main goals of quantum gravity is to provide a better understanding of
the big bang or big crunch singularities in cosmology. Perhaps the most fundamen-
tal question is whether these singularities represent a true beginning or end of time
(perhaps described by a special quantum state) [1], or whether there is some type of
bounce, as envisioned by the pre-big bang [2] or cyclic universe models [3]. Since our
usual notions of space and time are likely to break down near cosmological singular-
ities, a particularly promising approach to study this issue might be to find a dual
description in terms of more fundamental variables.
In string theory we do not yet have a dual description of real cosmologies, but we do
have the celebrated AdS/CFT correspondence [4] which provides a non-perturbative
definition of string theory on asymptotically anti-de Sitter (AdS) spacetimes in terms
of a conformal field theory (CFT). The dual CFT description has been used to study
the singularity inside black holes [5], which is analogous to a cosmological singularity.
Although some progress in this direction has been made, the fact that the singularity
is hidden behind an event horizon clearly complicates the problem. This is because
the CFT evolution is dual to bulk evolution in Schwarzschild time so the CFT never
directly ‘sees’ the singularity.
It would be better to have examples of solutions in a low energy supergravity
limit of string theory where smooth, asymptotically AdS initial data evolve to a big
crunch singularity. Then AdS/CFT should provide a precise framework in which
the quantum nature of cosmological singularities could be understood, at least in
asymptotically AdS spaces. In this context, a big crunch singularity is simply any
spacelike singularity which extends to infinity and reaches the boundary in finite time.
In this paper we present examples of such solutions in the familiar N = 8, D = 4
supergravity obtained by compactifying eleven dimensional supergravity on S7. This
theory has scalars with m2 = −2 in units of the AdS radius. It has recently been
shown [6] that there is a one parameter family of boundary conditions for this field
which preserve the full set of asymptotic AdS symmetries. When this parameter
vanishes, the dual CFT is the usual 2 + 1 theory on a stack of M2-branes. Nonzero
values of the parameter correspond to modifying this theory by a triple trace operator.
We will show that for all nonzero values of the parameter, there are bulk solutions
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where smooth, finite mass initial data evolve to a big crunch. We will also give a
preliminary argument that evolution in the dual CFT also ends in finite time.
As a second class of examples, we briefly discuss the case of N = 8, D = 5
supergravity. This theory has scalars with m2 = −4 saturating the Breitenlohner-
Freedman (BF) bound [7] in five dimensions. Once again, there is a one parameter
family of AdS invariant boundary conditions [6, 8]. We find that for almost all
values of this parameter, there are solutions which evolve to a big crunch. N = 8
supergravity with these boundary conditions is similar to the theory discussed in
[9] as a possible counterexample to cosmic censorship. Some valid criticism of that
work was raised in [10] and [11], but the results presented here can be viewed as
confirmation that with suitable boundary conditions, this theory admits solutions
where initial data evolve to singularities that are not hidden inside event horizons.
Having asymptotically AdS initial data evolving to a big crunch, is clearly a sign
of (nonlinear) instability. Other instabilities in the context of AdS/CFT have been
discussed previously [12, 11].
We begin in the next section with a general result about stability. We show
that any theory of gravity coupled to a scalar field that has static solitons must
also have solutions with negative total energy. In section 3 we discuss our main
example, including a description of the boundary conditions and a demonstration
that AdS4 is unstable. We also discuss what is known about the dual CFT and
make some preliminary remarks about the dual field theory description of the big
crunch. Section 4 discusses the five dimensional example, and section 5 contains
some concluding remarks. In the appendix we generalize some of our calculations to
arbitrary dimensions and more general matter fields.
2 Scalar solitons imply negative energy
Consider gravity coupled to a scalar field with potential V (φ) in any spacetime di-
mension greater than three. In this section we prove the following result.
Claim: If there exists a nonsingular, static, spherically symmetric, finite energy
solution, then the positive energy theorem must be violated.
In other words, if the theory has solitons, it must have negative energy solutions.
Note that we are not claiming that the soliton itself must have negative energy, but
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only that negative energy solutions must exist. Partial versions of this result applying
to non-negative potentials have already appeared in the literature. In particular, the
argument below is a slight generalization of the scaling argument given in [13].
We begin with the result that a static solution must extremize the energy. In the
context of general relativity, this was shown in detail by Wald and Sudarsky [14].
Their argument is basically the following. The Hamiltonian H is a function of the
spatial metric gij , scalar field configuration φ, and their conjugate momenta π
ij and
p. It takes the form of a volume integral of the constraints, plus a surface term. For
any solution, the volume term vanishes and the surface term is the total mass. By
definition, the variation of H gives the time derivatives of the fields. More precisely,
for any perturbation δgij, δπ
ij, δφ, δp one has
δH =
∫
−π˙ijδgij + δg˙ijδπij − p˙δφ+ φ˙δp (2.1)
For a static solution, the time derivatives are all zero (assuming we choose the lapse
and shift to correspond to the timelike Killing field). So the static solution is an ex-
tremum of H . If we choose the perturbation to satisfy the linearized constraints, then
the volume contribution to δH vanishes. Therefore static solutions must extremize
the surface term, i.e., the total mass.
The above argument was initially given for asymptotically flat spacetimes, but it
also applies to asymptotically AdS spacetimes which we will explicitly consider below.
So we assume V (φ) has a negative extremum which φ approaches asymptotically. To
continue, we will need an explicit formula for the mass of spherically symmetric (and
time symmetric) initial data when the scalar field has a profile φ(r). We will work in
d spatial dimensions. In this case, the constraint equations reduce to (with 8πG = 1)
dR = gijφ,iφ,j + 2V (φ) (2.2)
The spatial metric can be written as
ds2 =
(
1− m(r)
(d− 1)rd−2 +
r2
ℓ2
)−1
dr2 + r2dΩd−1, (2.3)
where ℓ is the radius of curvature of the asymptotic AdS space. It is related to the
asymptotic value of the potential, Λ, by
ℓ2 = −d(d− 1)
2Λ
. (2.4)
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The constraint (2.2) then yields the following equation for m(r)
m,r +
1
d− 1m(r)r(φ,r)
2 = rd−1
[
2(V (φ)− Λ) +
(
1 +
r2
ℓ2
)
(φ,r)
2
]
(2.5)
The general solution for arbitrary φ(r) is
m(r) =
∫ r
0
e−
1
d−1
∫ r
r˜
drˆ rˆ(φ,r)
2
[
2(V (φ)− Λ) +
(
1 +
r˜2
ℓ2
)
φ2,r˜
]
r˜d−1dr˜. (2.6)
The total mass is proportional to the asymptotic value of m(r):
M =
π
d
2
Γ
(
d
2
) lim
r→∞m(r) (2.7)
Now suppose φ0(r) is a static soliton and consider the one parameter family of
configurations φλ(r) = φ0(λr). Then from (2.6) and (2.7), it is easy to see that the
total mass takes the form
Mλ = λ
−dM1 + λ
−(d−2)M2 (2.8)
where M2 is independent of the potential and is manifestly positive, and both Mi are
independent of λ. Since the soliton extremizes the energy
0 =
dMλ
dλ
|λ=1 = −dM1 − (d− 2)M2 (2.9)
Therefore, for all d > 2 one has M1 = −d−2d M2 < 0. The potential contribution
to the mass is negative. This means that the configuration φλ(r) with small λ has
negative total mass. This argument clearly generalizes to several scalar fields and
general non-linear sigma model type kinetic terms: Gab(φ)∇µφa∇µφb.
3 Main example
Our main example starts with the low energy limit of string theory with AdS4 ×
S7 boundary conditions. The massless sector of the compactification of D = 11
supergravity on S7 is N = 8 gauged supergravity in four dimensions [15]. The
bosonic part of this theory involves the graviton, 28 gauge bosons in the adjoint of
SO(8), and 70 real scalars, and admits AdS4 as a vacuum solution. It is possible
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to consistently truncate this theory to include only gravity and a single scalar with
action [16]
S =
∫
d4x
√−g
[
1
2
R− 1
2
(∇φ)2 + 2 + cosh(
√
2φ)
]
(3.1)
(We have chosen the gauge coupling so that the AdS radius is equal to one.) Notice
that the potential is unbounded from below, and the scalar has mass
m2 = −2 . (3.2)
Even though the field is tachyonic, the mass is above the Breitenlohner-Freedman
bound m2BF = −9/4 [7], and with the usual boundary conditions AdS4 is stable.
3.1 AdS Invariant Boundary Conditions
We will mainly work in global coordinates in which the AdS4 metric takes the form
ds20 = g¯µνdx
µdxν = −(1 + r2)dt2 + dr
2
1 + r2
+ r2dΩ2 (3.3)
Form2 = −2, solutions to the linearized wave equation ∇2φ−m2φ = 0 with harmonic
time dependence e−iωt all fall off asymptotically like
φ =
α
r
+
β
r2
(3.4)
The standard boundary conditions correspond to taking α = 0 in (3.4), so the modes
fall off as fast as possible. For those boundary conditions, the total energy is finite,
using the standard definition of energy [17]. Recall that the energy, and more gener-
ally, conserved charges associated with asymptotic symmetries ξµ can be defined as
follows [18]. One starts with the Hamiltonian H [ξ] =
∫
d3xξµHµ where Hµ are the
usual constraints, adds surface terms so that H has well defined functional deriva-
tives, and then subtracts the analogous expression for the AdS4 background. This
gives
QG[ξ] =
1
2
∮
dSiG¯
ijkl(ξ⊥D¯jhkl − hklD¯jξ⊥) + 2
∮
dSi
ξjπij√
g¯
(3.5)
where Gijkl = 1
2
g1/2(gikgjl + gilgjk − 2gijgkl), hij = gij − g¯ij is the deviation from the
spatial metric g¯ij of pure AdS, D¯i denotes covariant differentiation with respect to g¯ij
and ξ⊥ = ξµnµ with nµ the unit normal to the surface.
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However since m2 = −2 lies in the range m2BF + 1 > m2 > m2BF there exists an
additional one-parameter family of AdS invariant boundary conditions on the scalar
field and the metric components [6]. More precisely, the asymptotic AdS symmetries
are preserved in solutions that belong to the following class,
φ(r, t, xa) =
α(t, xa)
r
+
fα2(t, xa)
r2
(3.6)
grr =
1
r2
− (1 + α
2/2)
r4
+O(1/r5) gtt = −r2 − 1 +O(1/r)
gtr = O(1/r
2) gab = g¯ab +O(1/r)
gra = O(1/r
2) gta = O(1/r) (3.7)
where xa = θ, φ and f is an arbitrary constant that labels the different boundary
conditions. Notice that the boundary conditions on some of the metric components
are also relaxed compared to the standard set. When f = 0 we recover the β = 0
boundary conditions which have been considered before in the context of AdS/CFT
[19]. Remarkably, however, the asymptotic anti-de Sitter symmetries are preserved
for all values of f . In particular, it is easy to see that rescaling r leaves f unchanged.
Since α depends on the particular solution and can vanish, each of these boundary
conditions admits AdS4 as a solution.
For these more general boundary conditions, the usual energy (3.5) diverges. How-
ever, one can define finite conserved charges by repeating the above procedure. The
net result is that there is an additional surface term involving the scalar field3 [6]
Q[ξ] = QG[ξ] +
1
6
∮
ξ⊥
[
(∇φ)2 −m2φ2
]
(3.8)
For all finite f (including f = 0!) the scalar and gravitational charge separately
diverge. The divergences, however, exactly cancel out yielding finite total charges
Q[ξ]. By contrast, the scalar charges Qφ vanish for the standard boundary conditions
(3.4) with α = 0.
3The form of the surface term given here is different from that in [6], but it is equivalent. Both
the divergent and finite terms agree. On the other hand, the finite contribution differs from the
energy defined by holographic renormalization, as discussed in [20, 21], since they require that the
energy vanishes for a nontrivial domain wall background.
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For spherical solutions it is easy to compute the total mass M = Q[∂t], which
yields
M = 4π
(
M0 +
4
3
fα3
)
. (3.9)
where M0 is the coefficient of the O(1/r
5) correction to grr.
3.2 Solitons
We now look for static, spherically symmetric asymptotically AdS soliton solutions.
Writing the metric as
ds2 = −h(r)e−2δ(r)dt2 + h−1(r)dr2 + r2dΩ2 (3.10)
the field equations read
hφ,rr +
(
2h
r
+
r
2
φ2,rh + h,r
)
φ,r = V,φ (3.11)
1− h− rh,r − r
2
2
φ2,rh = r
2V (φ) (3.12)
δ,r = −
rφ2,r
2
(3.13)
Regularity at the origin requires h = 1, h,r = 0 and φ,r = 0 at r = 0.
We have numerically solved these equations. For every nonzero φ0 at the origin,
the solution to (3.11) is asymptotically of the form (3.6) for some value of f . The
staticity and spherical symmetry of the soliton mean α(t, xa) is simply a constant.
The scalar field value φ0 at the origin uniquely determines f and vice versa; there is
at most one static spherical soliton solution in each theory. We find a regular soliton
solution for all finite f 6= 0. When |f | → 0 we find |φ0| → ∞ and for |f | → ∞ one
has |φ0| → 0 so the nontrivial soliton solution ceases to exist in this limit. As an
example, in Figure 1 we show the soliton solution for f = −.25 boundary conditions,
which has φ0 ≈ 1.5.
The existence of soliton solutions for a large class of AdS invariant boundary
conditions implies there are negative mass solutions in those theories. This is because
the soliton solutions extremize the energy (3.9). Although the total mass M now
acquires a contribution from the scalar field, the argument given in Section 2 still
applies: the total mass consists of a finite term M1 that scales as the volume (which
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Figure 1: Soliton solution φ(r) with boundary conditions specified by f = −1/4.
includes the scalar contribution) and a finite, positive term M2 that scales linearly in
r. Hence M1 must be negative for the soliton, which means rescaled configurations
φλ(r) = φ0(λr) with sufficiently small λ must have negative mass.
Such rescaled configurations are initial data for time-dependent solutions. By
adjusting λ, one can arrange to have an arbitrarily large central region where φ is
essentially constant and away from the maximum of the potential. It follows that the
field must evolve to a spacelike singularity [9]. Moreover, the singularity that develops
cannot be hidden behind an event horizon, because all spherically symmetric black
holes have positive mass [6]. Instead, one expects it to continue to spread, cutting off
all space.4 The existence of solitons, therefore, indicates the existence of finite mass
configurations that produce a big crunch. A particular example of such a configuration
for which this can be shown explicitly is given next.
4If V were bounded from below, it has been shown that the singularity cannot end or become
timelike [22]. The same is likely to be true here.
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3.3 Instantons
First we construct an O(4)-invariant Euclidean instanton solution of the form
ds2 =
dρ2
b2(ρ)
+ ρ2dΩ3 (3.14)
and φ = φ(ρ). The field equations determine b in terms of φ
b2(ρ) =
2V ρ2 − 6
ρ2φ′2 − 6 (3.15)
and the scalar field φ itself obeys
b2φ′′ +
(
3b2
ρ
+ bb′
)
φ′ − V,φ = 0 (3.16)
where prime denotes ∂ρ. Regularity again requires φ
′(0) = 0.
φ
r
2 4 6 8 10
0.5
1
1.5
2
Figure 2: Instanton solution φ(ρ) with boundary condition f = −1/4.
From (3.16) it follows that asymptotically φ(ρ) has the same behavior as the
Lorentzian scalar field solutions considered above,
φ =
α
ρ
+
fα2
ρ2
. (3.17)
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We find that all boundary conditions that admit a spherical soliton solution also
admit an O(4)-invariant instanton solution. As for the solitons, f is determined by
the field φ(0) at the origin. In Figure 2, the profile φ(ρ) is shown of the instanton
with f = −.25 boundary conditions.
The solution we want is obtained by analytically continuing the instanton. We
will discuss this in the next subsection, but first we comment on the interpretation
of this instanton. The existence of negative energy solutions indicates that AdS4 is
unstable with these boundary conditions. The quantum decay rate is determined in
a semiclassical approximation by the Euclidean action of instanton. The action is
given by
I =
∫
[−1
2
R +
1
2
(∇φ)2 + V (φ)]−
∮
K +
1
6
∮ [
(∇φ)2 −m2φ2
]
(3.18)
where the first surface term is the usual Gibbons-Hawking term, and the second
is the surface term required so that the Hamiltonian constructed from this action
(after subtracting the background) agrees with (3.8). For the case f = 0 this term is
equivalent to the surface term −1
2
∮
φ∇iφdSi introduced by Klebanov and Witten to
render the action of the α/r modes finite [19].
The relevant quantity for computing the rate of vacuum decay is the difference
between the instanton action and the action for pure AdS: ∆I = I−IAdS . Subtracting
IAdS removes the leading divergences in I, but since φ goes to zero so slowly, there are
two subleading divergences. If the coefficients of these terms were not exactly zero,
∆I would be infinite and there would be no probability for the vacuum to decay.
In appendix A we show that both coefficients miraculously vanish. This involves
nontrivial cancellations among the volume term and both surface terms in the action.
Furthermore, the difference ∆I becomes small for large |f | and goes to zero when
|f | → ∞.
3.4 Big Crunch Instability
Consider the slice through the instanton obtained by restricting to the equator of
the S3. The fields on this surface define time symmetric initial data for a Lorentzian
solution. The Euclidean radial distance ρ simply becomes the radial distance r in the
Lorentzian solution. The total mass (3.9) of this initial data can be computed from
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the instanton geometry. Substituting (3.17) into (3.15) yields asymptotically
b2(ρ) = ρ2 + 1 +
α2
2
+
4fα3
3ρ
(3.19)
This is of the form (3.7) required to have finite conserved charges. In fact, we see that
M0 = −4fα3/3 and hence (3.9) implies that the total mass is zero! This is consistent
with its interpretation as the solution AdS4 decays into.
The evolution of this initial data is simply obtained by analytic continuation of the
instanton. This is discussed in detail in [23], but the basic idea is the following. The
origin of the Euclidean instanton becomes the lightcone of the Lorentzian solution.
Outside the lightcone, the solution is given by (3.14) with dΩ3 replaced by three
dimensional de Sitter space. The scalar field φ remains bounded in this region. Inside
the lightcone, the SO(3, 1) symmetry ensures that the solution evolves like an open
FRW universe,
ds2 = −dt2 + a2(t)dσ3 (3.20)
where dσ3 is the metric on the three dimensional unit hyperboloid. The field equations
are
a¨
a
=
1
3
[V (φ)− φ˙2] (3.21)
φ¨+
3a˙
a
φ˙+ V,φ = 0 (3.22)
and the constraint equation is
a˙2 − a
2
3
[
1
2
φ˙2 + V (φ)
]
= 1 , (3.23)
where a˙ = ∂ta. On the light cone, φ = φ(0) and φ˙ = 0 (since φ,ρ = 0 at the origin
in the instanton). Under evolution φ rolls down the negative potential, so the right
hand side of (3.21) decreases. This ensures that a(t) vanishes in finite time producing
a big crunch singularity. For the purpose of understanding cosmological singularities
in string theory, one can forget the origin of this solution as the analytic continuation
of an instanton. We have simply found an explicit example of asymptotically AdS
initial data which evolves to a big crunch.
The discussion above is closely analogous to the situation in theories with a true
vacuum as well as a false vacuum, in which one can describe the decay of the false
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vacuum by nucleating a bubble of true vacuum. One typically finds that small bubbles
of true vacuum collapse, large bubbles expand, and a critical size bubble is static.
Our soliton is like a static critical bubble. The solution obtained from the instanton
is like a larger bubble which expands. This can be seen by comparing Fig. 1 and
Fig. 2. The field profile obtained from the instanton is indeed broader than the static
soliton.
3.5 Dual CFT description
Having shown that the bulk theory admits solutions which evolve to a big crunch,
we now turn to the dual CFT description of this theory. The dual to string theory
on AdS4 × S7 can be obtained by starting with the field theory on a stack of N D2-
branes. This is a SU(N) gauge theory with seven adjoint scalars ϕi. One then takes
the infrared (strongly coupled) limit to obtain the CFT. In the process, one obtains
an SO(8) symmetry. In the abelian case, N = 1, this can be understood by dualizing
the three dimensional gauge field to obtain another scalar. But in general, it is not
well understood.
This theory has dimension one operators OT = TrTijϕiϕj where Tij is symmetric
and traceless [24].5 One of these, O, is dual to the bulk field we have been considering
with the boundary conditions that φ = α/r + O(r−3) for physical states. The field
theory dual to the “standard” quantization, where physical states are described by
modes with φ = β/r2 asymptotically, can be obtained by adding the double trace
term f
2
∫ O2 to the action [25, 26]. This is a relevant perturbation and the infrared
limit is another CFT in which O has dimension two.
As described in [6], the AdS invariant boundary conditions correspond instead to
adding a triple trace term to the action
S = S0 +
f
3
∫
O3 (3.24)
This follows from Witten’s treatment of multi-trace operators in AdS/CFT [25]. The
extra term has dimension three, and hence is marginal and preserves conformal in-
variance, at least to leading order. One might wonder if this symmetry is exact, or
5Since there are only seven ϕ’s and the theory has SO(8) symmetry, there are other operators
involving the gauge field which complete the SO(8) representation.
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whether the operator O3 has an anomalous dimension. The anomalous dimension can
receive contributions proportional to 1/N or f . Since the large N limit corresponds
to supergravity in the bulk with AdS invariant boundary conditions, and for every f
there is a bulk solution corresponding to pure AdS, it seems likely that the theory
remains conformally invariant for finite f (at least for large N).6
Since the Lorentzian solution obtained from the instanton takes the form (3.14)
with dΩ3 replaced by three dimensional de Sitter space, dS3, one might think that
the natural dual would correspond to the CFT on dS3. This field theory certainly
allows evolution for infinite time and is nonsingular. But this only corresponds to
evolution for finite global time. We want to conformally rescale dS3 to (part of)
the cylinder R × S2. This is equivalent to a coordinate transformation in the bulk.
The relation between the usual static coordinates (3.3) for AdS4 and the SO(3, 1)
invariant coordinates
ds2 =
dρ2
1 + ρ2
+ ρ2(−dτ 2 + cosh2 τdΩ2) (3.25)
is
ρ2 = r2 cos2 t− sin2 t (3.26)
Since our bulk solution asymptotically has
φ(ρ) =
α
ρ
+
fα2
ρ2
+O(ρ−3) (3.27)
This becomes
φ(r) =
α˜
r
+
fα˜2
r2
+O(r−3) (3.28)
where α˜ = α/ cos t. Notice that f is unchanged. Hence the evolution of the initial
data that we described in section 3.4 preserves the AdS invariant boundary conditions
(3.6)-(3.7). This also provides some support for the fact that (3.24) is conformally
invariant for finite f . The fact that α˜ blows up as t → π/2 is consistent with the
fact that this is the time that the big crunch singularity hits the boundary. Since the
coefficient of 1/r is usually interpreted as the expectation value of O in the CFT, this
also indicates that the CFT on the cylinder does NOT have well defined evolution
for all time.
6This is different from the example considered in [27] which also had a bulk AdS solution, but
imposed boundary conditions that were not AdS invariant.
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A qualitative explanation for this is the following. The term we have added to
the action is not positive definite. Since the energy associated with the asymptotic
time translation in the bulk can be negative, the dual field should also admit negative
energy states. This strongly suggests that the usual vacuum is unstable. It might
decay via the (nongravitational) decay of the false vacuum. Perhaps a useful analogy
is a scalar field theory with potential V = m2ϕ2 − fϕ6. The quadratic term is
analogous to the coupling of ϕ to the curvature of S2, which is needed for conformal
invariance. The second term is analogous to the second term in (3.24). Qualitatively
this theory has the same behavior as the bulk. There are instantons which describe
the semiclassical decay of the usual vacuum ϕ = 0. For small f , the potential barrier
is large, and the instanton action is large. So tunneling is suppressed. For large f ,
the barrier is small and tunneling is not suppressed. After the tunneling, the field
rolls down the potential and becomes infinite in finite time. So in the semiclassical
description of this analogous field theory, evolution ends in finite time. If the same
is true in the full description of the theory (3.24) one could conclude that there is no
bounce through the big crunch singularity in the bulk.
We close this section with a few comments about generalizations. We have focused
in this section on big crunch singularities, but the solutions we have presented have a
big bang singularity in the past as well, which should have a dual CFT description too.
In addition, it is likely there exist solutions with only one singularity, in the future or
the past. We have also restricted ourselves to gravity coupled to a single scalar, but
this was just for simplicity. We expect that with suitable boundary conditions, there
are more general bulk solutions to low energy string theory that form a big crunch
which include several scalars, and possibly other matter fields.
4 A Big Crunch in D = 5 Supergravity
N = 8 gauged supergravity in five dimensions [28, 29] is thought to be a consistent
truncation of ten dimensional type IIB supergravity on S5. The spectrum of this
compactification involves 42 scalars parameterizing the coset E6(6)/USp(8). We will
focus on a restriction of this theory to only gravity and one scalar [30]. The action is
S =
∫
d5x
√−g
[
1
2
R− 1
2
(∇φ)2 +
(
2e2φ/
√
3 + 4e−φ/
√
3
)]
(4.1)
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(We have again adjusted the gauge coupling so that the AdS radius is one.) As before,
the potential is unbounded from below. Since the analysis in this section is similar
to that in the previous section, our discussion will be brief.
The scalar φ has mass
m2 = −4 (4.2)
Since this saturates the BF bound in five dimensions, φ asymptotically behaves as
φ(t, r, xa) =
α(t, xa) ln r
r2
+
β(t, xa)
r2
(4.3)
In [6, 8] it was shown that the asymptotic AdS symmetry group is preserved for
solutions with the following asymptotic behavior,
β = α
(
f − 1
2
lnα
)
(4.4)
together with appropriate boundary conditions on the metric components. Here f
is again an arbitrary constant. For solutions within this class there exists a well-
defined notion of mass, namely the conserved charge M = Q[ξ] associated with the
asymptotic Killing vector ξ = ∂t. As before, this is finite but acquires a contribution
from the scalar field. For spherical solutions it is given by (see (A.17) in the appendix)
M = 2π2
[
3
2
M0 +
1
4
α2(lnα)2 + α2
(
1
4
− f
)
lnα + α2
(
f 2 − 1
2
f +
1
8
)]
. (4.5)
where M0 is now the coefficient of the O(1/r
6) correction to the grr component of the
metric.
To see that there are solutions which evolve to a big crunch we again start with
the instanton. For finite f boundary conditions (which allow a logarithmic scalar
mode) there exist regular O(5)-invariant Euclidean instanton solutions,
ds2 =
dρ2
b2(ρ)
+ ρ2dΩ4 (4.6)
with φ = φ(ρ) a solution of
b2φ′′ +
(
4b2
ρ
+ bb′
)
φ′ − V,φ = 0 (4.7)
An example of an instanton solution with f = 1 boundary conditions is shown in
Figure 3. All finite f boundary conditions admit precisely one instanton solution.
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Figure 3: Instanton solution φ(ρ) with boundary condition f = 1.
The analytic continuation of the instanton again describes asymptotically AdS initial
data evolving to a big crunch. In the appendix we show that the total mass (4.5) of
this initial data vanishes. On the other hand, the mass of static, spherical black holes
that are solutions with the same boundary conditions is positive [6]. This shows that
the singularity that develops from the initial data cannot be hidden behind an event
horizon. Indeed, the explicit solution shows that, with generalized AdS invariant
boundary conditions, the singularity reaches infinity in finite time.
If one requires α = 0 in (4.3) the logarithmic mode is switched off. For this choice
of boundary conditions we do not find an instanton. There is, however, still a finite
scalar contribution to the conserved charges7. This means the standard gravitational
mass that appears in the metric need not be positive, even though the scalar modes
fall off as fast as possible. Examples of initial data with negative gravitational mass
were given in [9]. At first sight this suggests α = 0 boundary conditions may also
7This is also evident in the spinorial proof [31] of the positive energy theorem for these bound-
ary conditions, where the positive surface term (which equals Q[ξ]) contains an extra finite scalar
contribution [9].
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admit solutions in which smooth, finite mass initial data evolve to a big crunch.
However, the gravitational mass alone is generally not conserved during evolution [9]
(this has also been observed in the numerical work of [10]). Instead, the quantity
that is conserved during evolution is the total charge Q[∂t]. This is always positive
[31] and we have not found any example where a big crunch is produced from smooth
asymptotically AdS initial data with these boundary conditions.
We have previously argued [9] that cosmic censorship is generically violated in
N = 8, D = 5 supergravity when one allows the logarithmic mode for one or more
scalars saturating the BF bound. We claimed that one could produce singularities
that were not contained inside a black hole. Our argument consisted of trying to find
initial data that evolve to a singularity in a central region, but do not have enough
mass to form a black hole large enough to enclose the singular region8. Instead, we
argued, the singularity must have a naked endpoint or extend all the way to infinity,
like a big crunch. In both cases one might argue that cosmic censorship is violated
since one cannot evolve for all time in the asymptotic region. Our conclusions have
been questioned in [10] and [11], and indeed the examples we gave in [9] do have
enough mass to form a black hole. Nevertheless, the results of this section show
that our basic conclusion was essentially correct. The analytic continuation of the
instanton shows that, for N = 8, D = 5 supergravity with general AdS invariant
boundary conditions, there are indeed smooth initial data which evolve to big crunch
singularities. This is perhaps less surprising in light of the fact that the positive
energy theorem is violated with these boundary conditions.
From the current standpoint of understanding big crunch singularities, this exam-
ple is less satisfactory than the one discussed in the previous section. This is because
it is not clear what the CFT deformations are that correspond to general AdS invari-
ant boundary conditions in this case. There is a dimension two operator which is dual
to our scalar field with boundary conditions (4.3) with α = 0. A naive application of
8In [9] we imposed a large radius cutoff at R1 and required φ(R1) to be constant in time to
regularize the gravitational mass. This enabled us to compare the mass of the initial data with the
mass required to form a (hairy) black hole obeying the same boundary condition atR1. Working with
a finite radius cutoff is of course somewhat artificial because this breaks asymptotic AdS invariance.
The cutoff is not needed, however, for the class of solutions considered here, because the boundary
conditions are AdS invariant despite the logarithmic branch. The comparison of the mass, therefore,
can be done using the conserved charge (4.5). We note, however, that the evolution with fixed f is
likely to differ from the evolution with fixed φ(R1).
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Witten’s prescription [25] involves taking the logarithm of this operator.
5 Conclusion
Motivated by a desire to find a dual quantum description of a cosmological singularity,
we have constructed low energy string theory solutions that describe the evolution
of asymptotically AdS initial data to a big crunch. Our main example involves a
negative m2 scalar field in N = 8, D = 4 supergravity. To induce the instability,
we have modified the boundary conditions on the scalar at infinity9. Although the
modified boundary conditions preserve the full set of asymptotic AdS symmetries and
allow a finite conserved energy to be defined, this energy can be negative. We have
shown this by explicitly constructing negative energy initial data (the rescaled solitons
of section 3.2). We have also constructed finite action instantons in this theory which
describe the semiclassical decay of AdS4. Most importantly, the analytic continuation
of the instanton describes smooth (zero energy) initial data evolving to a big crunch.
We have also given an example of a similar solution in N = 8 supergravity in
five dimensions, involving a scalar field saturating the BF bound. More generally, we
show in the appendix that a big crunch can be produced from smooth initial data
whenever one has a scalar field with m2BF ≤ m2 < m2BF +1 which decouples from the
rest of the matter.
Usually one discards unstable theories, saying they are not of physical interest.
Here, we are using the fact that there should be a dual CFT description of these
bulk theories even if they are unstable. The field theory should provide a complete
quantum description of the big crunch singularity. Clearly the next step is to try
to better understand these dual theories. If states in the CFT have a well defined
evolution for all time, and a semiclassical bulk metric can be reconstructed at late
time, then there must be a bounce through the singularity. However, if the CFT
evolution ends after finite time, or a semiclassical metric cannot be constructed, then
the bulk evolution would end at the big crunch.
In N = 8, D = 4 supergravity we find solutions which evolve to a big crunch
for a one parameter family of AdS invariant boundary conditions. These solutions
9This is a nonlinear instability since, at the linearized level, the boundary conditions (3.6) reduce
to the β = 0 case discussed in [7].
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do not exist when the parameter vanishes, in which case the dual CFT is the usual
2 + 1 theory on a stack of M2-branes. Nonzero values of the parameter correspond
to modifying this field theory by a triple trace operator. Since the energy associated
with asymptotic time translations in the bulk can be negative, AdS/CFT predicts this
dual field theory should also admit negative energy states. This is plausible, since
the extra term we have added to the CFT action is not positive definite. We have
given preliminary evidence that for some states, the CFT does not have well defined
evolution for all time (at least in the large N limit). The dual CFT corresponding
to N = 8, D = 5 supergravity with generalized boundary conditions is understood
even less well, but investigations in a related context [11] indicate it exhibits similar
instabilities.
Furthermore, we have evidence that bulk solutions cannot evolve to a big crunch
in supergravity theories that are dual to stable CFT’s. In [32, 33] we considered
gravity coupled to scalar fields with potential satisfying the positive energy theorem
(in AdS)10. We looked for finite mass initial data which evolve to a singularity but
do not have enough mass to enclose the singular region inside a black hole. We did
not find any such examples. Taken together, these results suggest the big crunch
solutions given here require boundary conditions that correspond to an unstable dual
CFT. It is then plausible that there will be certain CFT states which do not have well
defined evolution for all time. We have seen this happening at the semiclassical level
in the deformed 2 + 1 theory in dual description of our big crunch solutions. This
is suggestive of the big crunch being an endpoint of evolution even in the full string
theory.11
This would raise the question what determines the boundary conditions at cos-
mological singularities. Perhaps the AdS/CFT correspondence and the toy models of
cosmologies we have constructed here could be useful to study this question further.
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A Generalization to arbitrary dimension
We consider a scalar field with potential V (φ) coupled to gravity in d+1 dimensions.
We assume that φ = 0 is a negative local maximum for the potential (with value
corresponding to a unit AdS radius) and the field has mass m2BF < m
2 < m2BF + 1.
Suppose there is a Euclidean instanton solution of the form
ds2 =
dρ2
b2(ρ)
+ ρ2dΩd (A.1)
and φ = φ(ρ). Then the field equations determine b in terms of φ
b2(ρ) =
2V ρ2 − d(d− 1)
ρ2φ′2 − d(d− 1) (A.2)
The scalar field φ itself obeys
b2φ′′ +
(
db2
ρ
+ bb′
)
φ′ − V,φ = 0 (A.3)
with φ′(0) = 0. Therefore, asymptotically φ has the same behavior as the Lorentzian
scalar field solutions of the same mass
φ =
α
ρ∆−
+
β
ρ∆+
(A.4)
where
∆± =
d±√d2 + 4m2
2
(A.5)
For instanton solutions, the coefficients α and β are determined by φ(0). Substituting
(A.4) into (A.2) yields asymptotically
b2(ρ) = ρ2 + 1 +
∆−α2
(d− 1)
1
ρ2∆−−2
+
4∆−∆+αβ
d(d− 1)
1
ρd−2
(A.6)
We now compute the euclidean action of the instanton,
I =
∫
[−1
2
R +
1
2
(∇φ)2 + V (φ)]−
∮
K +
1
2d
∮ [
(∇φ)2 −m2φ2
]
(A.7)
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where the first surface term is the usual Gibbons-Hawking term, and the second
is a natural generalization of (3.8) to arbitrary dimension. We will see that for AdS
invariant boundary conditions this gives the surface term required for the Hamiltonian
to have well defined functional derivatives. To simplify the calculation of the volume
term in the action we can use a scaling argument similar to the one in section 2. If
we rescale the metric by a constant, the volume term becomes
I(λ2g) = λd−1
∫
[−1
2
R +
1
2
(∇φ)2] + λd+1
∫
V (φ) (A.8)
The instanton must be an extremum of the action, and since the surface terms don’t
contribute to the equations of motion, it must extremize the volume term. Setting
dI/dλ|λ=1 = 0 we learn that∫
[−1
2
R +
1
2
(∇φ)2] = −d+ 1
d− 1
∫
V (φ) (A.9)
Hence
I = − 2
d− 1
∫
V (φ)−
∮
K +
1
2d
∮ [
(∇φ)2 −m2φ2
]
(A.10)
The divergences can simply be determined by evaluating (A.10) using the asymptotic
behavior (A.4)-(A.6) of the instantons. This gives
− 2
d− 1
∫
V (φ) = Vol(Sd−1)
∫ ρ0
dρρd−1
[
d− d
2ρ2
− (2m
2 + d∆−)α2
2(d− 1)ρ2∆−
]
−
∮
K = −dVol(Sd−1)ρd0
(
1 +
1
2ρ20
+
∆−α2
2(d− 1)ρ2∆−0
)
1
2d
∮ [
(∇φ)2 −m2φ2
]
= Vol(Sd−1)
∆−α2
2
ρ
d−2∆
−
0 (A.11)
The relevant quantity for computing the rate of vacuum decay is the difference
between the instanton action and the action for pure AdS: ∆I = I − IAdS. If ∆I
were infinite the probability for the vacuum to decay would be zero. The background
action IAdS diverges as
IAdS = dVol(S
d−1)
[∫ ρ0
dρρd−1
(
1− 1
2ρ2
)
− ρd0
(
1 +
1
2ρ20
)]
(A.12)
Hence subtracting IAdS removes the leading divergences in I, but since φ goes to zero
so slowly there is a subleading divergence. However, by using (A.5) one sees the co-
efficient of the divergent terms add up to zero. This involves nontrivial cancellations
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among the volume term and both surface terms in the action. A second, logarithmic
divergence coming from
∫
V does not appear due to cancellations between the poten-
tial and volume element. The difference ∆I = I − IAdS, therefore, is finite, yielding a
non-zero decay rate. Note that ∆I is finite for all α and β; we have not yet assumed
any relation between them.
If one analytically continues the instanton, one obtains solutions that evolve to a
big crunch. Since one often uses the boundary conditions (A.4) to compute correlation
functions of operators in the CFT, one might wonder if all of these theories are
unstable. The answer is no. If one starts with the standard quantization, α = 0, then
adding a nonzero α corresponds to adding a term proportional to α to the CFT action.
In this context one usually assumes α is a constant, but we have seen in section 3.5
that the analytic continuation of the instanton corresponds to an α which is time
dependent and diverges in finite time. So using the standard boundary conditions,
the big crunch would correspond to adding an explicitly diverging term to the action.
In addition, once one modifies the CFT action, the usual vacuum AdSd+1 is no longer
a solution since the field is required to satisfy (A.4) with nonzero α.
By contrast, AdS invariant boundary conditions exist in all dimensions [6]. Asymp-
totic AdS invariance only requires β = fα∆+/∆−, where f is an arbitrary constant.
So α and β are related, but can be zero or time dependent. In general there is a
contribution from the scalar field to the conserved charges,
Q[ξ] = QG[ξ] +
1
2d
∮
ξ⊥
[
(∇φ)2 −m2φ2
]
(A.13)
where QG[ξ] is the standard gravitational surface term (3.5). For spherical solutions
this gives
Q[∂t] = Vol(S
d−1)
(
d− 1
2
M0 − 2fm
2αd/∆−
d
)
(A.14)
where M0 is the coefficient of the O(1/r
d+2) correction to the grr component of the
AdS metric. Hence the gravitational contribution QG[∂t] to the mass of the instantons
can be read off from (A.6). One sees it diverges as ρd−2∆− . However this divergence, as
well as the finite gravitational contribution proportional to M0, are exactly cancelled
by the scalar contributions. Instantons of this type thus specify nontrivial, zero mass
initial data for all m2 in the range m2BF < m
2 < m2BF +1 and in all dimensions d+1.
In general, the CFT duals of these AdS invariant boundary conditions are not yet
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well understood. We discussed the simplest case in section 3.
Finally we turn to the case of a scalar field with m2 = m2BF . For fields that
saturate the BF bound, ∆+ = ∆− = d/2 and the second solution asymptotically
behaves like ln ρ/ρd/2. Thus asymptotically we have
φ =
α ln ρ
ρd/2
+
β
ρd/2
(A.15)
and therefore
b2 = ρ2 + 1 +
dα2(ln ρ)2
2(d− 1)ρd−2 +
α(dβ − α) ln ρ
(d− 1)ρd−2 +
d2β2 − 2dαβ + 2α2
2d(d− 1)ρd−2 (A.16)
Asymptotic solutions of this form can similarly be regarded as having AdS invariant
boundary conditions provided β = α(f − 2
d
lnα) [6, 8]. As before, the scalar surface
term (A.13) in the Hamiltonian gives in general a non-vanishing contribution to the
conserved charges. For instance, the total mass of spherically symmetric solutions is
given by
Q[∂t] = Vol(S
d−1)
[
d− 1
2
M0 +
1
d
α2(lnα)2 + α2
(
1
d
− f
)
lnα
+
α2
2
(
d
2
f 2 − f + 1
d
)]
. (A.17)
It is easily seen from (A.16) that the instantons have zero mass. Evaluating the action
(A.10) gives
− 2
d − 1
∫
V (φ) = Vol(Sd−1)
∫ ρ0 dρ
ρ
[
dρd − d
2
ρd−2 +
dα2 ln ρ+ dαβ − α2
2(d− 1)
]
−
∮
K = −Vol(Sd−1)
(
dρd0 +
d
2
ρd−20 +
d2α2 ln2 ρ0 + 2dα(dβ − α) ln ρ0
4(d− 1)
)
∮ [
d
8
φ2 +
(∇φ)2
2d
]
=
Vol(Sd−1)
4
[
dα2 ln2 ρ0 + 2(dαβ − α2) ln ρ0
]
(A.18)
Subtracting the background action (A.12) and using (A.5) again yields a finite result.
The value of the Euclidean action determines the rate of vacuum decay. The analytic
continuation of the instantons again provides examples of smooth initial data which
evolve to a big crunch.
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